In this letter, we calculate the classical size of a massive neutrino in two different approaches. We perform our calculation using its mass, spin, and magnetic moment through, firstly, the neutrinoelectron interaction and secondly, the neutrino-neutrino interaction, both of them via the classical magnetic dipole-dipole interaction. Thus, our estimate is obtained by mimicking the two low-energy electroweak scattering processes ν-l and ν-ν. This leads to surprisingly accurate results which differ in less than one order of magnitude of more detailed calculations with one-loop corrections based on the neutrino charge radius and the ν l -l scattering process. The resulting estimates are flavourblind and gauge independent by construction. We also find that our lower bound is below the reported experimental upper bound of the charge radius, while the standard model electroweak radius obtained by Lucio et al., see Ref. [15], is found to be out of the interval formed by our lower bound and the experimental upper bound.
From the Neutrino Charge Radius to the Electroweak Radius of a massless neutrino. The Neutrino Charge Radius (NCR) has been discussed and calculated by many authors [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . In 1972, Bardeen, Gastmans and Lautrup [2] showed that the NCR is infinite, in the frame of the Standard Model (SM) and they worked using the unitary gauge; therefore they concluded that the NCR is not a physical quantity. In the same year, S.Y.
Lee [3] , working in the unitary gauge again, considered the process ν l -l and defined the NCR including, in addition, the usual diagrams in which the photon is replaced by a neutral gauge boson Z. In this way he obtained a finite but gauge-dependent quantity. In the context of the general one-loop electromagnetic form factor of a fermion in electroweak theories, Lee and Shrock [4] carried out one of the earliest anlyses of the NCR in 1977. These authors, working in the frame of the SM and using the linear R ξ gauge, showed explicitly that the NCR is infinite and, for the same reason, gauge-dependent.
Eventhough it has been already shown that the NCR is an infinite and gauge-dependent quantity in the frame of SM, when just the proper diagrams are taken into account, it is possible to define a physical NCR by considering ν l -l scattering, which becomes a finite and gauge independent quantity, independent of the lepton l used to define it and also which only gets contribution from the proper neutrino electromagnetic vertex and box diagrams. In 1977, Lee and Shrock showed how an extended calculation including not just charge-radius diagrams, but also box diagrams (which could not be regarded as corrections to the neutrino electromagnetic vertex) contributed to obtain a gauge-independent size. The papers written by S.Y. Lee, and by B.W. Lee and R.E. Shrock inspired many works in which finite and gauge independent quantities, based on the NCR, were introduced by considering the ν l l scattering [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] : the so-called Electroweak Radius (EWR). We want to point out that even the calculation of the NCR performed by Bernabeu et al. [18] [19] [20] 22] was defined also by considering the ν l l scattering. For these reasons, in 1985 Lucio et al. [15] defined and computed the first characteristic size of the neutrino as a finite and gauge-independent quantity.
To end this part, we just present the values obtained for EWR for massless neutrinos using the expression given in eq.(A5) in Ref. [15] . We take the values for the SM parameters as given in Ref. [34] , we found that
for l = e, µ, τ, respectively. Discussions on the experimental bounds on the NCR can be found, for example, in Refs. [28] [29] [30] [31] [32] [33] .
On the other hand, it is well known that for any massive neutral fermion with a magnetic moment we can associate a classical radius, through out its spin, dipole magnetic moment and its mass. At the present time this properties have been measured for the neutrino [34] .
In the following paragraph we shall present of the classical radius of the neutrino via the classical interaction magnetic dipole-dipole interaction, also called dipolar coupling, which refers to the direct interaction between two magnetic dipoles.
Classical characteristic lengths for the neutrino. The classical radius of charge for a neutrino is a very elusive concept. Here, the obvious absence of charge is only the first complication in a series of no-go arguments against such an intrinsic quantity. If the next term in a multipolar field expansion is considered, the particle's magnetic dipole moment µ ν may appear initially as a good candidate. However, the classical size of a dipole shows two pitfalls that must be avoided: If a loop of permanent current J is assigned to the dipole, one cannot solve for the loop area A because in such tentative classical model one has J = 0 and µ ν = J × A = 0. On the other hand, if the dipole is thought as a magnetic bar of strength S and length L, the formula µ ν = S × L does not allow to solve for L, since S is not determined directly from observation (it remains unknown). In addition, this construction entails the use of two opposite magnetic monopoles producing a bar magnet, whose hypothetical existence is beyond known physics. These arguments suggest that the only way to typify a characteristic length for ν is by means of its interaction with any other particle. This procedure works well when particle flavour is irrelevant in the interaction strength. Here we propose two quantities: (a) a radius r ν−l of electroweak interaction arising from ν-l dipole-dipole potential energy, which is independent of l = e, µ, τ , and (b) a radius r ν−ν of weak interaction between ν-ν, using the same form of potential energy but with appropriate dipole moments. For the latter case, we shall explain how this radius can be regarded as intrinsic to ν, much in the spirit of the conformation energy used in the definition of the electron's classical charge radius by means of the Coulomb energy stored in charged spheres. This is nowadays allowed, given the finite values assigned to the neutrino rest energy m ν c 2 . The interaction processes that we want to mimic by these procedures are indicated in the diagrams of fig. 1 .
We start with the potential energy between two magnetic dipoles with moments µ ν , µ l separated by a distance r [36] :
where µ 0 is the magnetic constant andr is the unit relative vector. Here we recall that µ ∝ S, but since we are carrying out a classical estimate, we shall ignore for the moment the presence of spin operators (their average will be shown to be in the order of unity later on). Then, the magnitude of (2) is controlled by the physical constants
where µ B = e /2m e c is Bohr's magneton and γ l is the gyromagnetic factor containing possible anomalies. As reported in [34] (and as discussed in, e.g., [37] ), we have γ l −1 10 −3
for l = e, µ and 10 −2 for l = τ , so this quantity is virtually flavour-blind. To make the potential energy (2) gauge independent, we may regard it as the necessary work W to bring the two (point-like) particles to a distance r adiabatically, and when one of them starts at infinity. We conceive this as the low-energy limit of a classical scattering event, and since particle creation is not allowed in this process, we bound W from above by the lightest rest mass in the particle pair, namely
Now we use the reported value m ν c 2 2.1 eV [34] to solve for r. In all fairness, the r. 
which is surprisingly close to the more accurate estimates reported in [15] . The reported [34, 35] experimental bound is r 2 νe × 10 32 < 3.3 cm 2 , so our estimate is slightly above, but very close to the upper limit. In essence, we have shown that the order of magnitude of the radius can be given in classical terms, if we rely on experimental values of magnetic moments and masses. This is remarkable, given the recent improvements in m ν upper bounds and the potentially undesirable large radii estimates when old values for m ν are employed. It is concluded that specific details of r ν−l must be determined by detailed scattering amplitudes with loop corrections and without gauge dependence, as shall be clarified elsewhere.
We now improve our results in (5) by computing the quantum-mechanical average of the operator in the numerator of (2). This quantity depends crucially on the state we employ in expectation values, where further refinements can be obtained by additional ensemble averaging with a prescribed density matrix. From the tensor structure of M ≡ 3(µ ν ·r)(µ l · r) − µ ν · µ l , we see that both spin and orbital parts of the state must be judiciously chosen. 
which leads to (see Appendix II)
i.e. a factor 4/15 smaller than the usual contribution from Bohr's magneton. The final answer becomes
which is within experimental bounds.
Now we turn our attention to the intrinsic r ν−ν . Let us conceive the particle as a sphere of radius r with a permanent magnetic dipole µ as the sum of small parallel moments dµ at the surface. We bring another dµ µ from infinity adiabatically and without changing its direction along the path. The necessary work to achieve this is now
and upon integration over the dipole magnitude from 0 to µ, one recovers
Here it is important to stress the classical nature of our estimate, for if µ ∝ σ is replaced in (10) , the numerator will vanish 3(σ ·r) 2 − σ 2 = 0. Choosing a specific direction of the dipole moment (e.g. µ ẑ r) leads to 3(µ ·r) 2 − µ 2 = 2µ 2 ν . This time, the physical constants in (10) involve a diminishing factor of 0.14 × 10 −10 with respect to our previous results on ν − l interactions, due to the square of the neutrino magnetic moment. This leads to the overall result r 2 ν−ν 8.96 × 10 −40 cm 2 (11) which is a remarkably small neutrino radius. This is in accordance with the fact that these objects have not been confirmed to interact among themselves in cosmological observations.
For recent discussions on the influence of ν − ν scattering in the Cosmic Microwave Background (CMB), see [38] [39] [40] and particularly [41] for important phenomenological results.
Conclusions. In this work, we have performed the calculation of the classical size for a massive Dirac neutrino. In other words, we have calculated the classical radius of the neutrino by using its mass, spin, magnetic moment through the interaction of a neutrino and an electron via the classical magnetic dipole-dipole potential.
Finally, combining the results given in (8) and the experimental upper bound on below eq (5) we find the following range for the ν e size:
1.54 × 10 −32 cm 2 r 2 νe 3.3 × 10 −32 cm 2 ,
which can be rewritten as follows:
1.24 × 10 −16 cm r νe 1.82 × 10 −16 cm.
To our knowledge, this is the first time that a range for a ν size is reported.
We updated the values in (1) for the Electroweak Radius and we can rewrite it as follows:
r ν l EW = 6.53, 5.07, 4.13 × 10 −17 cm for l = e, µ τ , respectively. Hence, we conclude that the value for the Electroweak Radius is outside of the range for the electron-neutrino size given in (12) . We end our conclusions stressing the independence of the range for the ν e size on gauge choice.
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Vanishing dipole-dipole interactions (in average) come from inadequate choices of states.
For instance, a vanishing answer will be obtained if a classical average overr is considered.
This alone entails a solid-angle integration (1/4π) dΩ, which is equivalent to a quantummechanical average using the spherically symmetric orbital |l = 0, m l = 0 and arbitrary spin |χ ; one has
and
Hence M l=0 = 0. In the language of spherical tensors, this means that the lowest states producing non-vanishing averages must have at least vector structure l = 1, i.e. P orbitals.
Here the total spin is also important: To simplify our argument, let us put |χ as a spin singlet s = 0 to find that the totally coupled state is just the product |(ls), j = 1, m j = |l = 1, m l × |s = 0, m s = 0 .
Then, direct integration (or Wigner-Eckart theorem) and projection averaging (1/3) m l leads to (S ν ·r)(S l ·r) = 1 3
meanwhile, the spin-spin average yields S ν · S l s=0 = 
similarly, for m l = ±1 and the same spin state
Here we see that the overall average (1/3)(4/5−2/5−2/5) 2 /4 = 0, so (1/3) m l M l=s=1 = 0. The result is similar for both spins pointing downwards, i.e. |s = 1, m s = −1 . In general, orbital projection averages vanish for product states (orbital × spinor):
which is obtained by direct integration of 3r irj − δ ij . Here, off-diagonal i = j elements disappear after azimuth integration, while diagonal elements disappear after polar integration.
Finally, we consider states with well defined total angular momentum:
If an additional average over both m j = −j, ..., j and |l − s| < j < l + s is considered, we immediately see, using the orthogonality of Clebsch-Gordan coefficients, that 
which falls into a previous case after using the Unsöld summation theorem for spherical harmonics.
For the reasons above, we must consider j fixed, i.e. well defined total angular in a scattering process. This we study in the following section.
APPENDIX II: LOWEST NON-VANISHING AVERAGE
The operator M in question is a scalar, made of two second-rank tensors, therefore we consider now the average of the proportional operator N = 2 M /(4µ ν µ l ). It is easy to
show that this operator can be written as 
obtained directly from Clebsch-Gordan tables. The reduced matrix elements are evaluated using a specific projection:
l||T ||l = √ 2l + 1 l0|T
(2) 0 |l0 00|(l2)0, 0 ,
similarly for spin. The corresponding matrix elements of the projections T
0 , S 
Hence the result for M in the text, eq (7) 
